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Abstract
The triplet Higgs model, which is an extension of the standard model with a
weak-scale triplet Higgs boson, is capable of generating small neutrino masses
naturally. We investigate lepton flavor violation mediated by the triplet Higgs
boson. We stress that various neutrino mass patterns could be distinguished
by measuring the lepton flavor violating processes. µ → eee decay is sig-
nificantly enhanced in the case of the degenerate masses or the inverted-
hierarchical masses compared with that in the case of the hierarchical masses.
On the other hand, the µ→ eγ rate and the µ − e conversion ratio in nuclei
is almost insensitive to the mass spectra. We also emphasize that these de-
cay rates tend to increase as the magnitude of Ue3 increases. Lepton flavor
nonconserving τ decay modes are expected to be unobservable at planned ex-
periments in the light of the current upper bounds of flavor violating muonic
decay.
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Observation of neutrino oscillations and establishment of bi-large flavor mixing of the
lepton sector are main progress in particle physics in recent years. The atmospheric neutrino
experiment of the Super-Kamiokande implies νµ → ντ transition with maximal mixing [1].
Results from the Super-Kamiokande, the SNO and the KamLAND indicate the large mixing
angle matter-enhanced solution for solar neutrinos [2–4]. The small mixing angle Ue3 is
required by the CHOOZ experiment [5].
Although the differences of the mass squared ∆m2 have been measured by the oscillation
experiments, the absolute values of the neutrino masses remain unknown. Direct searches
of the neutrino masses such as neutrinoless double beta decay experiments or tritium beta
decay experiments, or cosmological constraints cannot reach well below the eV scale. Thus,
it is important to seek other signals which may have some information on the neutrino
masses. Among other things, looking for phenomena which change generations of leptons is
promising since lepton flavor violation observed in neutrino oscillations implies that it also
occurs in the charged lepton sector.
On theoretical side, interesting models have been proposed that account for smallness
of neutrino masses. One representative model is the seesaw mechanism with heavy right-
handed neutrinos [6]. Since the mass scale of the right-handed neutrinos is extremely high,
phenomenological signatures but neutrino oscillations are negligibly suppressed. In its su-
persymmetric extension with soft breaking terms, the situation is quite different since there
exist new superparticles and new flavor changing interactions at the weak scale. Existence
of the flavor off-diagonal elements of the sfermion mass matrices and the scalar trilinear
couplings leads to observable flavor changing phenomena. Unfortunately, these terms have
no relation to the neutrino mass matrix generically, so that we cannot predict anything
definite without further assumptions. An alternative to explain the neutrino masses is a
model with an SU(2) triplet Higgs field [7]. To investigate lepton flavor violation in this
model is particularly intriguing: the Yukawa coupling of the triplet Higgs which generates
the neutrino masses also induces lepton flavor violating processes. Moreover, the mass of
the triplet Higgs can be lowered to the electroweak scale while retaining large lepton flavor
violating couplings. Thus, new signatures, which provide us information on the neutrino
masses, could be detectable at present or future experiments.
In this letter, we explore lepton flavor violating decay in the framework of the triplet
Higgs model. Signals of lepton flavor violation at collider experiments or at leptonic decay
experiments in this type of models have been already discussed [8–10]. However, special
forms of the mass matrices and specific values of the masses and the mixing angles are
assumed in these works. The purpose of this work is to clarify correlations between the
lepton flavor nonconserving decay ratios and the mass patterns of neutrinos in a more general
framework. We will analyze muonic decay, say µ → eee, µ → eγ and µ − e conversion in
nuclei, which gives the stringent bounds, in the three possible cases: the hierarchical type
(m1 ≪ m2 ≪ m3), the degenerate type (m1 ∼ m2 ∼ m3), and the inverted-hierarchical type
(m3 ≪ m1 ∼ m2). We will show that the branching ratio of µ → eee decay, which arises
from a tree level diagram, depends heavily on the mass spectra while µ → eγ decay and
µ− e conversion in nuclei not.
First of all, we briefly review the triplet Higgs model in which the triplet Higgs possesses
a weak scale mass, concentrating on how small neutrino masses are produced [7]. In addition
to the minimal standard model fields, an SU(2) triplet scaler multiplet ∆ with hypercharge
2
Y = 1 is introduced:
∆ =
(
ξ+/
√
2 ξ++
ξ0 −ξ+/√2
)
. (1)
The standard model gauge symmetry allows the following interaction between the lepton
doublet l = (ν, e)T and the triplet ∆ with mass M :
L = −M2tr∆†∆− 1
2
(yN)ij l¯
c
i ǫ∆lj + h.c.
= −M2(|ξ0|2 + |ξ+|2 + |ξ++|2)
−1
2
(yN)ij
[
ν¯ci νjξ
0 − 1√
2
(ν¯ci ej + e¯
c
iνj)ξ
+ − e¯ciejξ++
]
+ h.c., (2)
where (yN)ij are Yukawa coupling constants and the Latin indices i, j represent generations.
Thus ∆ carries lepton number L = −2. After ξ0 develops a vacuum expectation value,
Majorana neutrino masses which violate lepton number are generated:
mij = (yN)ij〈ξ0〉. (3)
This situation is realized by adding the following soft lepton number violating trilinear
interaction between ∆ and the standard model Higgs doublet h = (h+, h0)T to the Higgs
potential:
L = −1
2
Ahǫ∆†h + h.c.,
= −1
2
A
[
(h+)2ξ−− −
√
2h+h0ξ− − (h0)2ξ0†
]
+ h.c. (4)
where A is a mass parameter. When A is small enough compared with the weak scale, we
obtain
〈h0〉 = v√
2
, 〈ξ0〉 = Av
2
4M2
. (5)
Here and hereafter we take universal triplet Higgs mass even after electroweak symmetry
breakdown for simplicity. Extension to the generic form does not alter the conclusion. We
assume that smallness of neutrino masses is attributed to tiny A, which is estimated at the
eV scale in the case where yN ∼ O(1) and M ∼ v. With these values, detectable lepton
flavor violating processes are expected, whereas the constraint from the ρ parameter is safely
avoided. Since lepton number is restored for A = 0, it may be natural to have a small A
as a consequence of tiny lepton number violation. Smallness of the lepton flavor violating
interaction can be explained in the context of large extra dimensions [8,9]. We will not
discuss other possible origins of this interaction in this paper.
We now concentrate on flavor structure of this model. One-to-one correspondence be-
tween the neutrino mass matrix and (yN)ij is of particular importance:
mij =
Av2
4M2
(yN)ij . (6)
Hence, we can distinguish neutrino mass patterns by measuring (yN)ij . As mentioned before,
there exist three possible types of neutrino mass spectra. In terms of ∆m2sol and ∆m
2
atm
obtained by the experiments, they are classified into
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• Hierarchical type (m1 ≪ m2 ≪ m3):
m1 = 0, m2 =
√
∆m2sol, m3 =
√
∆m2atm. (7)
• Degenerate type (m1 ∼ m2 ∼ m3):
m1 = mν , m2 = mν +
∆m2sol
2mν
, m3 = mν +
∆m2atm
2mν
. (8)
• Inverted-hierarchical type (m3 ≪ m1 ∼ m2):
m1 = m2 − ∆m
2
sol
2m2
, m2 =
√
∆m2atm, m3 = 0. (9)
In terms of the standard parametrization, the unitary matrix which diagonalize the neutrino
mass matrix mij is given by
U = V P,
V =


c13c12 c13s12 s13e
−iφ
−c23s12 − s23s13c12eiφ c23c12 − s23s13s12eiφ s23c13
s23s12 − c23s13c12eiφ −s23c12 − c23s13s12eiφ c23c13

 ,
P =

 1 0 00 eiφ2 0
0 0 eiφ3

 (10)
where sij ≡ sin θij and cij ≡ cos θij , φ stands for the Dirac phase and φ2, φ3 the Majorana
ones which are responsible for CP violation. For simplicity, we take the following typical
values in our later evaluation of the lepton flavor violating processes [11]:
∆m2sol = 7.0× 10−5 eV2, ∆m2atm = 2.5× 10−3 eV2, (11)
s12 = 0.5, s23 = 1/
√
2 (12)
which are favored by the solar and the atmospheric neutrino data respectively and the bound
s13 ≤ 0.2 from the reactor experiment CHOOZ, and we ignore possible CP violating phases.
We are now at a position to consider dependence of lepton flavor violation on the neutrino
mass patterns in this model. Large mixing in the lepton mixing matrix and presence of the
weak-scale triplet Higgs give rise to dangerous lepton flavor violating processes. The severest
bounds come from muonic decay modes such as µ → eee, µ → eγ and µ − e conversion in
nuclei. The present upper bounds of these modes are Br(µ → eγ) < 1.2 × 10−11 [12],
Br(µ → eee) < 1.0 × 10−12 [13] and R(µTi → eTi) < 4.3 × 10−12 [14]. Future experiments
will reach Br(µ→ eγ) ∼ 10−14 [15] and R(µAl→ eAl) ∼ 10−16 [16] .
We give the formulae for these processes in the triplet Higgs model. The µ→ eee process
occurs at tree level in this model and the branching ratio is calculated as
4
Br(µ→ eee) = 1
64G2F
|(y†N)11(yN)21|2
M4
(13)
where GF is the Fermi coupling constant. The off-shell amplitude of µ→ eγ can be written
M = eǫαjα (14)
where e is the electric charge, ǫα is the photon polarization, and jα is the leptonic current
given by
jα = u¯e(p+ q)[q
2γα(A
L
1PL + A
R
1 PR) +mµiσαβq
β(AL2PL + A
R
2 PR)]uµ(p). (15)
for small momentum transfer q. Here PL,R = (1 ∓ γ5)/2. The branching ratio of µ→ eγ is
calculated as
Br(µ→ eγ) = 48π
3α
G2F
(|AL2 |2 + |AR2 |2). (16)
The matrix element of photon exchange which contribute to µ − e conversion in nuclei is
written
M = e
2
q2
jαJα (17)
where Jα is the hadronic current. The coherent µ− e conversion ratio is calculated as
R =
4α5m5µZ
4
effZ|F (q)|2
Γcapt
(|AL1 + AR2 |2 + |AR1 + AL2 |2). (18)
For 4822Ti, Zeff = 17.6, F (q
2 ≈ −m2µ) ≈ 0.54 and Γcapt ≈ 2.6 × 106 s−1 [17]. The form factors
are produced by one-loop diagrams of the triplet Higgs exchange:
AL1 = (y
†
N)1k(yN)k2
1
16π2
1
3M2
F (r, sk)
AR1 = 0
AL2 = 0
AR2 = −(y†NyN)12
1
16π2
3
8M2
,
F (r, sk) ≡ ln sk + 4sk
r
+
(
1− 2sk
r
)√
1 +
4sk
r
ln
√
r + 4sk +
√
r√
r + 4sk −
√
r
(19)
where r ≡ −q2/M2, sk ≡ m2k/M2.
Here we would like to emphasize characteristics of the triplet Higgs model:
• The µ→ eee process occurs at tree level while µ→ eγ and µ−e conversion at one-loop
level. Thus, the µ→ eee rate tends to be larger compared to the case where µ→ eee
arises at one-loop level, like in the supersymmetric standard model.
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• Since the triplet Higgs couples only to the left-handed leptons, AL2 vanishes. This
situation is similar to the minimal supersymmetric standard model with right-handed
neutrinos where AR2 dominates over A
L
2 [18,19]. On the other hand, in the minimal
SU(5) supersymmetric grand unified theory, AL2 is dominant [20]. Whether A
R
2 domi-
nates or not may be tested by measuring the angular distribution of e+s in µ+ → e+γ
decay if polarized muon is available [21].
• In models where AL1 ∼ AR2 is realized, R/Br(µ → eγ) ∼ O(10−2) would be predicted.
On the other hand, in this model AL1 is enhanced by log(m
2
µ/M
2) compared to AR2
(See eq.(19)) , so that the ratio R/Br(µ → eγ) is not so suppressed [22,23]. In fact,
the µ− e conversion ratio is comparable to the the µ→ eγ branching fraction, as we
will see below.
• Since the neutrino masses are fixed, yN is proportional to M2 and thus the lepton
flavor violating rates to M4. Therefore, searches for lepton flavor violating decay and
collider experiments are complementary to each other.
Let us discuss dependence of these ratios on the mass patterns qualitatively before pre-
senting numerical calculation. In terms of the observed values, (m†m)12, which is included
in the decay rate of µ→ eγ, is expressed as,
(m†m)12 ∼


√
6
8
∆m2sol +
√
2
2
∆m2atms13. (Hierarchical type)√
6
8
∆m2sol +
√
2
2
∆m2atms13. (Degenerate type)√
6
8
∆m2sol −
√
2
2
∆m2atms13. (Inverted-hierarchical type)
. (20)
This implies that the µ→ eγ branching fraction is almost independent of the mass patterns.
On the contrary,m†11m12, which is involved in the µ→ eee rate, is divided into three patterns:
m†11m12 ∼


√
6
32
∆m2sol +
√
2
8
√
∆m2sol∆
2
atms13 (Hierarchical type)√
6
16
∆m2sol +
√
2
4
∆m2atms13 (Degenerate type)√
6
16
∆m2sol −
√
2
2
∆m2atms13 (Inverted-hierarchical type)
. (21)
This behavior indicates that the µ→ eee rate is very sensitive to the neutrino mass structure.
The expression is complicated for the µ− e conversion ratio, and we defer this point to later
numerical estimation. For relatively large s13, one finds that the first terms in eq.(20) and
eq.(21) are negligible and that the µ → eee ratio becomes substantially enhanced in the
degenerate or the inverted-hierarchical types.
We have performed numerical calculation of the ratios, elucidating mass and mixing
angle dependence. The ratios as a function of Ue3 are plotted in Figs. 1 - 3 for three types
of the mass spectra. Here the solid line, the dashed one and the dotted one correspond to
Br(µ → eγ), Br(µ → eee) and R(µTi → eTi) respectively. We take the triplet Higgs mass
atM = 200 GeV and the trilinear coupling between the Higgs multiplets at A = 25 eV. The
relative ratios among these decay rates remain unchanged for arbitrary M or A since all of
the absolute values of the three ratios are proportional to M4/A4 (though µ− e conversion
slightly depends on M itself. See eq.(19).). Our main concern is the relative ratios but not
the absolute values which are theoretically unrestricted in our setup. For the degenerate
case (Fig. 2), the universal neutrino mass is fixed at mν = 0.1eV in order not to conflict the
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constraint from the resent WMAP data, mν <∼ 0.23 eV [24]. One can verify that µ → eee
is strongly related to the mass eigenvalues while µ → eγ and µ − e conversion in nuclei
not. Roughly speaking, the ratios are proportional to s213 as one understands from eq.(20)
and eq.(21). One of the most interesting points is the fact that, as expected, the µ → eee
ratio dominates over the µ → eγ one and the µ − e conversion ratio in the degenerate and
the inverted-hierarchical cases. In the case of the hierarchical masses, the three ratios are
almost equal for positive Ue3, and there is a region where the µ → eγ ratio dominates for
negative Ue3 because cancellation among terms occurs for the other processes. Thus, we
conclude that the neutrino mass pattern could be determined once we measure the muonic
decay modes which convert the generations of the leptons.
Finally, we would like to mention flavor violating τ decay. The τ decay modes, such
as τ → µγ and τ → µµµ, are not so enhanced compared with the muonic ones in this
framework because of the large mixing angles in the lepton sector. Since muonic decay
already puts the severe bound Br(µ → eee) < 10−12, τ decay cannot be observed even at
the next generation experiments, which aim at Br(τ → µγ) ∼ 10−7–10−8 [25], in the absence
of accidental cancellation in the muonic decay rates.
In conclusion, searches for lepton flavor violation are crucial not only to confirm existence
of the triplet Higgs which accounts for the neutrino masses but also to determine the abso-
lute values of the neutrinos in this framework. We investigate how lepton flavor violating
decay relies on the neutrino mass spectra in the triplet Higgs model. We show that the
µ→ eee ratio is largely enhanced compared with the µ→ eγ ratio and the µ− e conversion
ratio in the case of the degenerate neutrino mass spectra and the inverted-hierarchical ones.
On the other hand, the three ratios are equal generically in the hierarchical masses. As for
mixing angle dependence, the decay rates incline to be enhanced as |Ue3| increases. The
muon can decay only through µ+ → e+Rγ, which might be examined by observing angular
distribution of e+s if future experiments with polarized muon are available. Flavor violating
τ decay would not be observed in the near future if the neutrino-mass-giving Yukawa inter-
actions are only sources of lepton flavor violation. These characteristic signatures should be
compared with predictions of other models which cause observable lepton flavor violation,
like supersymmetric models.
After completion of this work, we received a preprint [26] which deals with a similar
subject.
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FIG. 1. The branching ratios of the processes µ→ eγ (the solid line), µ→ eee (the dashed line),
µ - e conversion in Ti (the dotted line) for the hierarchical case. Here M = 200 GeV,A = 25 eV
are taken.
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FIG. 2. The branching ratios of the processes µ → eγ (the solid line), µ → eee (the dashed
line), µ - e conversion in Ti (the dotted line) for the degenerate case. Here mν = 0.1 eV is taken.
The other parameters are same as Fig. 1.
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FIG. 3. The branching ratios of the processes µ→ eγ (the solid line), µ→ eee (the dashed line),
µ - e conversion in Ti (the dotted line) for the inverted-hierarachical case. The other parameters
are same as Fig. 1.
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